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1 Introduction
$L$ , $O_{L}$ $L$ . $n(\geq 0)$ , $K_{n}(O_{L})$ Quillen
$K$ . , $K_{0}(O_{L})\simeq \mathbb{Z}\oplus \mathrm{C}1_{L}$ ( $\mathrm{C}1_{L}$ $L$ ),
$K_{1}(O_{L})\simeq O_{L}^{\mathrm{x}}$ , $K$
– . , $K$
.
.
$P$ , $m(\geq 0)$ .
I. $L=\mathbb{Q}(\mu_{p^{m+1}})$ , $K_{n}(O_{L})\otimes \mathrm{z}$
.
II. $L=\mathbb{Q}$ $\mathbb{Q}(\mu_{p^{m+1}})$ , $H_{\ell t}^{2}(Spec(O_{L}[1/p]), h(i))$
$(i\geq 2)$ x .
Remarks.
(1) $L=\mathbb{Q}$ ( , $O_{L}=\mathbb{Z}$) $K_{n}(O_{L})$ (Conjecture 4) ,
Kurihara, Mitchell ([10, Conjecture 3.2] [14, 6.15]).
(2) $K$ (Chern map) (Conjecture 3)
Kubota-Leopoldt $P$ $L$ (Conjecture 2) ,
I , Vandiver (Conjecture 1) .
(3) $K$ ( Quillen[16] , $\mathbb{Z}-$
$\mathrm{B}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{l}[2]$ ) Chern map ,
$H_{\epsilon t}^{2},(Spec(O_{L}[1/p]),\mathbb{Z}_{\mathrm{p}}(i))(i\geq 2)$ . , Quillen-Lichtenbaum
, II $K$ .
(4) , $p$ ,
$L$ : $L=K$ $L=K(\mu_{\mathrm{p}^{m+1}})$ , , $K$ $P\{[K:\mathbb{Q}]$
$K/\mathbb{Q}$ $P$ $\mathbb{Q}$ .
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. $P$
, $F=\mathbb{Q}(\mu_{p})$ . $m\geq 0$ , $F_{m}=\mathbb{Q}(\mu_{p^{m+1}})$ . ,
$F_{\infty}$ , $F_{\infty}= \bigcup_{m>0}F_{m}$ . $G$ , $\hat{G}$ $G$
. $F_{\infty}/\mathbb{Q},$ $F_{m}/\mathbb{Q}$ , $\mathrm{G}\mathrm{a}1(F_{\infty}/\mathbb{Q})\simeq\Delta\cross\Gamma,$ $\mathrm{G}\mathrm{a}1(F_{m}/\mathbb{Q})\simeq\Delta \mathrm{x}\Gamma_{m}$ ,
$\Delta=\mathrm{G}\mathrm{a}1(F/\mathbb{Q}),$ $\Gamma=\mathrm{G}\mathrm{a}1(F_{\infty}/F)$ , $\mathrm{F}_{m}=\mathrm{G}\mathrm{a}1(F_{m}/F)$ .
$\mathrm{C}_{0\dot{\mathfrak{U}}}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{u}\mathrm{r}\mathrm{e}1$ (Vandiver) $\mathbb{Q}(\zeta_{\mathrm{p}}+\zeta_{\mathrm{p}}^{-1})$ $P$ .
Conjecture 2 $(\mathrm{C}_{m},):$ $m\geq 0,$ $i$ . $\chi\in\hat{\Delta}$ $\psi\in\hat{\Gamma}_{m}$
, $L_{p}(1-i,\chi\psi)\neq 0$ .
$m\geq 0,$ $i$ $\psi\in\hat{\Gamma}_{m}$ , $L_{\mathrm{p}}(1-i,\psi)\neq 0$ ,
$m\geq 0,$ $i\geq 0$ $(\mathrm{C}_{m,i})$ ($\mathrm{C}_{m,i}(i\geq 1)$ , [20, Theorem 5.11]
, $\mathrm{C}_{m,0}$ Leopoldt [3] $)$ .
Coniecture $ (Quillen–Lichtenbaum) $L$ $i\geq 2$ ,
p-adic Chem $map_{\mathit{8}}$ .
(1) $K_{2i-1}(O_{L})\otimes_{l}\mathbb{Z}_{\mathrm{p}}$ $arrow$ $H_{\text{\’{e}} t}^{1}(Spec(O_{L}[1/p]),\text{ }(i))$
(2) $K_{2i-2}(O_{L})\otimes_{\mathrm{Z}}\mathbb{Z}_{p}$ $arrow$ $H_{\ell t}^{2}(Spec(O_{L}[1/p]),h(i))$
, $2\leq i\leq P$ Soul\’e [19] , Dwyer-Friedlander
[4] . (2) split $L(\mu_{p}\rangle$ $/\mathbb{Q}$ $P$
, Kurihwa[10] , Kahn [8] . ,
Voevodsky, Roet , Conjecture 3 ,
.
$\mathbb{Z}$ $K$ ( ) , $K_{0}(\mathbb{Z})\simeq$
$\mathbb{Z},$ $K_{1}(\mathbb{Z})\simeq \mathbb{Z}/2\mathbb{Z},$ $K_{2}(\mathbb{Z})\simeq \mathbb{Z}/2\mathbb{Z}$ (Milnor [13]), $K_{3}(\mathbb{Z})\simeq \mathbb{Z}/48\mathbb{Z}$ (Lee-Szczarba [11]),
$K_{4}(\mathbb{Z})=0$ (Rognae [17]), $K_{5}(\mathbb{Z})\simeq \mathbb{Z}$ (Elbaz Vincent-Gangl-Sot\’e [5]) . $\mathbb{Z}$ $K$
.
$\mathrm{C}\mathrm{o}\iota\dot{\eta}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{u}\mathrm{r}\mathrm{e}4$ (Kurihara [10, Conjecture 3.2], Mitchell [14, 6.15]) $n\geq 0$





$k$ , $N_{k}$ , D\sim t $\zeta(1, -k)=-\frac{B_{k}}{k}=(-1)^{k/2}\frac{N_{k}}{D_{k}}$
( $N_{k}$ $D_{k}$ ). Bemoulli $B_{k}$ [10] [20]
, /’ $2$ -torsion groups .




, Conjecture 4 $\mathbb{Z}[\mu_{p^{m+1}}]$ $K$ ,
Conjecture 2 Conjecture 3 , Conjecture 1 .
.
$\overline{\kappa}:\mathrm{G}\mathrm{a}1(F_{\infty}/\mathbb{Q})arrow \mathbb{Z}_{p}^{\mathrm{x}}$ , $\tau\in \mathrm{G}\mathrm{a}1(F_{\infty}/\mathbb{Q})$ $\zeta\in\bigcup_{m\geq}0\mu_{p^{m+1}}$





$\tilde{\kappa}$ $=$ $\omega \mathrm{x}\kappa$
$\kappa$ $\kappa$ : $\Gamma\simeq 1+p\mathbb{Z}_{p}$ . $\Gamma$ $\gamma$ $\kappa(\gamma)=1+p$
. : $\gammarightarrow 1+T$ , $\mathbb{Z}_{P}[[\Gamma]]\simeq$ [[\eta ] . A
: $\Lambda=\mathbb{Z}_{P}[[\Gamma]]\simeq \mathbb{Z}_{p}[[T]]$ . $\chi\in\hat{\Delta}$ , $e_{\chi}$ idempotent ,
$e_{\chi}= \frac{1}{p-1}\sum\chi^{-1}(\sigma)\sigma$ . $\chi(\neq 1)\in\hat{\Delta}$ $\psi\in\hat{\Gamma}_{m}$ , $f_{\chi}(T)\in\Lambda$
$\sigma\in\Delta$
: $L_{\mathrm{p}}(s, \chi\psi)=f_{\chi}(\zeta_{\psi}\kappa(\gamma)^{\epsilon}-1)=f_{\chi}(\zeta_{\psi}(1+p)^{\delta}-1)$,
$\zeta\psi=\psi(1+p)^{-1}\in$ m. $\text{ }’ \mathrm{p}[[\mathrm{G}\mathrm{a}1(\mathrm{F}\mathrm{F}\mathrm{O}_{0}/\mathbb{Q})]]$ - $V$ $n$ , $V(n)$
Tate twist . $Fm=\mathbb{Q}(\mu_{p^{m+1}})\text{ }\mathbb{Z}[\mu_{p^{m+1}}]\text{ }K\text{ }$
.
$\mathrm{C}\mathrm{o}_{\dot{\mathfrak{U}}}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{u}\mathrm{r}\mathrm{e}5$ $m\geq 0$ . $i(\geq 2),$ $j$ , $\mathbb{Z}[\mu_{p^{m+1}}]$ $K$
.
$(K_{2:-2}(\mathbb{Z}[\mu_{p^{m+1}}])\otimes_{\mathrm{Z}}\mathbb{Z}_{p})^{\omega^{\mathrm{j}}}\simeq\{$
$0$ if $i\not\equiv j$ (mod 2) or $i\equiv j$ (mod $p-1$),
$(\Lambda/(f.:-j,g_{1-i}^{(m)})e_{\omega^{\mathrm{j}-}}*\cdot+1)(i-1)$
if $i\equiv j$ (mod 2) and $i\not\equiv j$ (mod $\mathrm{p}-1$),
$(K_{2:-1}(\mathbb{Z}[\mu_{p^{m+1}}])\otimes_{\mathrm{Z}}\mathbb{Z}_{p})^{ai}\simeq\{$
$\mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{Z}_{\mathrm{p}}}(\Lambda/(g_{*}^{(m)}.)e_{\omega}:-j,,\mathbb{Z}_{\mathrm{p}}(i))$ if $i\not\equiv j$ (mod 2),
$\mu_{D_{\mathrm{p},1,j}}^{\otimes 1}$ if $i\equiv j$ (mod 2),
. $g_{1}^{(m)}$. $\Lambda(\simeq \mathbb{Z}_{p}[[T]])$ : $g^{(m)}.\cdot=$
$\gamma^{p^{m}}-\kappa^{i}(\gamma^{p^{\prime n}})(=(1+T)^{p^{m}}-(1+p)^{ip^{m}})$. $(\Lambda/(f_{\omega}:-j,g_{1-\dot{\iota}}^{(m)})e_{\omega}\mathrm{j}-:+1)(i-1)$
$N_{p,i,j}$ . $i\equiv j$ (mod 2) $i,j$
f $\dot{\mathrm{P}}$ $N_{p},:\dot{\mathit{0}},$ $D_{p^{j}\dot{o}}$, . , $\text{ _{}p_{t}i_{J}}$ Dp .
$\psi\in\Gamma_{m}\prod_{\wedge}L_{\mathrm{p}}(1-i,\omega^{1-i}\psi)\sim_{p}$ $\prod_{\wedge,\psi\in\Gamma_{m}}(B_{i,\nu^{-\dot{\mathrm{J}}\psi/i)=\frac{N_{\mathrm{P}^{1i}}}{\mathcal{D}_{p,i_{\dot{\theta}}}}}}‘’$
$\in \mathbb{Q}_{\mathrm{p}}$
, $N_{p,ii},$ $\mathcal{D}_{p,:,j}$ $v_{p}(N_{p,i,j})=0$ $v_{p}(D_{p,i,j})=0$
. $\mathbb{Z}_{p}^{\mathrm{x}}$ – , $P$ –
. , $P$ $N_{p,ii}$ $D_{p,i_{\dot{O}}}$ $N_{p,i,j}$ , Dpp $P$
$\}^{\underline{}}$ . , [\Delta ] $V$ , $V^{\omega^{j}}$ ci-component ,
$V^{\omega^{\dot{f}}}=e_{\omega^{j}}V$ .
187
conjecture , Conjecture 1,2,3 .
Theorem 6 Conjecture 2 $(\mathrm{C}_{m,1-i})$ Conjecture 3 J $(m,i)l^{}$. Con-
jecture 5 Conjecture 1 .
,
lemma . $m\geq 0$ , $A_{m}$ $F_{m}=\mathbb{Q}(\mu_{\mathrm{p}^{m+1}})$
pprimary component , $X= \lim_{arrow}A_{m}$ (
).
Lemma 7 m\geq o, i , ,
(1) $H_{\xi t}^{2}(\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}(\mathbb{Z}[1/p]),\mathbb{Z}_{p}(i))\simeq X(i-1)_{\mathrm{G}\mathrm{a}1(F_{\infty}/\mathrm{Q})}$ .
(2) $H_{a}^{2}(\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}(\mathbb{Z}[\mu_{p^{n*+1}},1/p]), \mathbb{Z}_{p}(i))\simeq X(i-1)_{\Gamma^{p^{m}}}$ .
Proof. $L$ , localisation map
$\varphi:H_{\text{\’{e}} t}^{2}(\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}O_{L}[1/p],\mathbb{Z}_{p}(i))arrow\oplus_{v|p}H^{2}(L_{v},\mathbb{Z}_{p}(i))\simeq\oplus_{v|p}h(i-1)$
($v\mathfrak{l}\mathrm{h}p\text{ }\mathfrak{F}1\text{ }L$ \emptyset $ $\overline{\tau}\text{ }J\mathrm{s}k\mathrm{r}\langle$ ) $\text{ }{\rm Im}\varphi \mathrm{I}\mathrm{h},$ Hasse $\text{ }\ovalbox{\tt\small REJECT} \text{ }\mathrm{K}\mathrm{e}\mathrm{r}\{\sum:\oplus_{v|p}\mathbb{Z}_{p}(i-$
$1) arrow \mathbb{Z}_{p}(i-1)\}(\mathrm{E}\text{ }\sum\dagger 2(a_{v})_{v}-\rangle\sum_{v}a_{v}\text{ }\grave{\mathrm{x}}\text{ }*\iota \text{ })[]^{}.\mathrm{g}\yen n\text{ _{}arrow kl^{\mathrm{i}}b\hslash>}^{}$
$\text{ }$ . $\text{ }\cdot\supset \text{ },$ $L=\mathbb{Q}\text{ }\dagger\mathrm{h}\mathbb{Q}(\mu_{p^{m+1}})\text{ }5_{\mathrm{D}}^{A\mathrm{k}}[] \mathrm{g}_{p}$ \emptyset -k\emptyset $\overline{\tau}\text{ }\mathrm{K}\mathrm{s}|\mathrm{h}\mathfrak{B}-\text{ }t$ ) $\text{ },$
$\mathrm{K}\mathrm{e}\mathrm{r}\{\sum$ :
$\oplus_{v|p\mathrm{a}(i-1)}arrow h(i-1)\}=0^{-}C\text{ },$ $\mathrm{b}\mathrm{n}\varphi=0\mathrm{g}_{f_{X\text{ }}}$ . $-X,$ Schneider $\text{ }ffi\text{ }k\text{ }\mathrm{A}\mathrm{a}\text{ }\mathrm{g}$ ,
$\mathrm{k}\mathrm{e}\mathrm{r}\varphi\simeq X(i-1)_{G_{\infty}}\mathrm{g}\gamma x\text{ _{}\sim}-\text{ }\emptyset \mathrm{l}.\text{ }\theta:\text{ }$ . $\text{ },$ $G_{\infty}=\mathrm{G}\mathrm{a}1(L_{\infty}/L)_{)}L_{\infty}=\mathrm{u}_{m\geq 0}L(\mu_{p^{m+1}})$
$\text{ }$ . ([18, \S 6] [9, 3.1 and Remark (4) after Corollary 4.4] $ffl‘). $k\backslash A_{-}\mathrm{b}\text{ _{}\check{}}k\text{ _{}\mathfrak{o}}^{\wedge}$ b#6
$k$ lemma $\text{ }l:’\epsilon \text{ }$ . $\square$
lemma ,
$X$ .
Deflnition 8 $i,$ $j,$ $m\geq 0$ ,
$X_{l,j}^{(m)}=_{\mathrm{d}\mathrm{e}\mathrm{f}}$ $X^{\dot{d}}/(\gamma^{p^{m}}-\kappa^{1-i}(\gamma^{p^{m}}))X^{\omega^{\mathrm{j}}}$
.
Lemma 7 $X_{1i}^{(m)}$ .
Lemma 9 $m\geq 0,$ $i,$ $j$ , .
(1) $H_{\dot{e}t}^{2}(\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}(\mathbb{Z}[1/p]),\mathbb{Z}_{p}(i))\simeq X_{i,1-:}^{(0)}(i-1)$.
(2) $H_{it(\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}(\mathbb{Z}[\mu_{p^{m+1,1/p]),\mathbb{Z}_{p}(i))^{w^{\dot{f}}}}}}^{2}\simeq X_{i_{\dot{\theta}}-i+1}^{(m)}(i-1)$ ,
(2) $j$ $0\leq j\leq p-2$ ,
$H_{\text{\’{e}} t(\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}(\mathbb{Z}[h^{m+1,1/p]),\mathbb{Z}_{p(i))\simeq\bigoplus_{j=0}^{p-2}X_{\dot{*}j}^{(m)}(i-1)}}}^{2}$ .
Proof. Lemma 7 – $\mathbb{Z}_{p}[[\mathrm{G}\mathrm{a}1(F_{\infty}/\mathbb{Q})]]$- $V$ $\chi\in\hat{\Delta}$
.







$PmofofTheooem\mathit{6}$. , lemma .
Lemma 10 Conjectun 2 $(\mathrm{C}_{m,1-:})$ Conjecture $S$ .
$(K_{2i-1}(\mathbb{Z}[\mu_{p^{m+1}}])\otimes_{\mathrm{Z}}h)^{w^{j}}\simeq\{$
$\mathrm{H}\mathrm{o}\mathrm{m}\mathrm{z}_{\mathrm{p}}$ ($\Lambda/(g_{i}^{(m)})e_{\omega}:-j$ , (i)) if $i\not\equiv i$ (mod 2),
$\mu_{D_{p,j}}^{\emptyset i}:$
, if $i\equiv j$ (mod 2),
$|(K_{2i-2}(\mathbb{Z}[\mu_{p^{m+1}}])\otimes \mathrm{z}\text{ })^{\omega^{\mathrm{j}}}|=N_{p,i\mathrm{j}}$ if $i\equiv j$ (mod 2).
Conjecture 3 , $K$
$H_{\text{\’{e}} t}^{1}(S\mathrm{p}ec(\mathbb{Z}[\mu_{p^{m+1,1/p]),\mathbb{Z}_{p}(i))^{\dot{\theta}}}},$ $H_{\text{\’{e}} t}^{2}(Spec(\mathbb{Z}[\mu_{p}n+1,1/p]), h(i))^{w^{\dot{f}}}$
.
:
$|H_{a}^{2}(Spec(\mathbb{Z}[\mu_{p^{n}}*+1,1/p]),\mathbb{Z}_{p}(i))^{\dot{d}}|=N_{p,i,j}$ if $i\equiv j$ (nod 2).
( Theorem 14 , ).
. $H_{\text{\’{e}} t}^{1}(Spec(\mathbb{Z}[\mu_{p}m+t, 1/p]), \mathbb{Z}_{p}(i))$
$\mathbb{Z}_{p}$-torsion part
.
$\mathrm{t}_{\mathrm{o}\mathrm{r}_{\mathrm{Z}_{\mathrm{p}}}H_{\ell l}^{1}(Spec(\mathbb{Z}[\mu_{p^{m+11/p]),\mathbb{Z}_{\mathrm{p}}(i))}}}$, $\simeq H_{\text{\’{e}} t(Spec(\mathbb{Z}[\mu_{p^{m+\iota,1/\mathrm{p}]),\mathbb{Q}_{p}/\mathbb{Z}_{p}(i))}}}^{0}$
$\simeq(\mathbb{Q}_{p}/\text{ }(i))^{\mathrm{G}\mathrm{a}1(F_{\infty}/F_{m})}$ .




$0$ if $i\not\equiv j$ (mod 2),
$\mu_{D_{\mathrm{p}\mathrm{j}}}^{\otimes\dot{\iota}},:$
, if $i\equiv j$ (mod 2).
, \mu $\zeta_{p^{\nu}}^{\otimes 8}$ $\mathrm{G}\mathrm{a}1(F_{\infty}/F_{m})$




$= \prod_{\psi\in\hat{\Gamma}_{m}}(1-\zeta_{\psi}(1+p)^{i})=1-(1+p)^{ip^{m}}\sim_{p}ip^{m+1}$ ([20, Theorem
7.10 and Lemma 7.12] ).
$H_{\text{\’{e}} t}^{1}(Spec(\mathbb{Z}[\mu_{p^{m+1}},1/p]), \mathbb{Z}_{\mathrm{P}}(i))$ $\mathbb{Z}_{p}$-free part . $M_{\infty}$ $p_{\infty}$ $P$
prp-p– , $X:=\mathrm{G}\mathrm{a}1(M_{\infty}/F_{\infty})$ .
$\mathrm{h}_{\mathrm{z}_{p}H_{\text{\’{e}} t}^{1}(Spec(\mathbb{Z}([\mu_{\mathrm{p}^{m+1,1/p]),\mathbb{Z}_{p}(i))\simeq \mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{G}\mathrm{a}1(F_{\infty}/F_{m})}(\mathfrak{X},\mathbb{Z}_{p}(i))}}}$
([9, Lemma 2.2 (2)] ). , .
$\mathrm{h}\mathrm{z}_{\mathrm{p}}H_{\text{\’{e}} t}^{1}(Spec(\mathbb{Z}([\mu_{\mathrm{p}^{m+1}},1/p]),\mathbb{Z}_{p}(i))^{\omega^{j}}\simeq \mathrm{H}_{\mathrm{o}\mathrm{m}_{\mathrm{G}\mathrm{a}1(F_{\infty}/F_{m})(\mathfrak{X},\mathbb{Z}_{p(i))^{\omega^{\mathrm{j}}}}}}$
$\simeq \mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{Z}_{\mathrm{p}}}(\mathfrak{X}/g_{\dot{*}}^{(m)}\mathfrak{X}, \text{ }(i))^{\omega^{\dot{\mathit{9}}}}$
$\simeq \mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{Z}_{\mathrm{p}}}$ ($X^{t^{i-j}}/g_{1}^{(m)}.X^{\omega^{i-j}}$ , (i))
$\simeq\{$
$0$ if $i\equiv j$ (mod 2)
$\mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{Z}_{\mathrm{p}}}(\Lambda/(g_{1}^{(m)}.)e_{\omega^{*-\mathrm{j}}}\cdot,\mathrm{Z}_{\mathrm{p}}(i))$
if $i\not\equiv j$ (mod 2).
. $i\equiv j$ (mod 2) $\mathfrak{X}^{\omega^{i-\mathrm{j}}}/g_{i}^{(m):-j}X^{\omega}$
. $i\not\equiv j$ (mod 2) Conjecture 2 $(\mathrm{C}_{m,1-i})$
.
$0arrow\Lambda/(g_{1}^{(m)}.)e_{\omega^{i-\dot{f}}}arrow X^{\nu^{-j}}‘/g_{1}^{(m)_{X^{d}}:-j}.arrow X^{\omega^{i-\mathrm{j}}}/g_{\dot{2}}^{(m)_{X^{u\prime}}:-j}arrow 0$
$\mathrm{r}\infty 1\mathrm{k}_{\mathrm{Z}_{\mathrm{p}}}\mathfrak{X}/g_{i}^{(\pi\iota)}\mathfrak{X}=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}_{\mathrm{Z}_{\mathrm{p}}}\mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{G}\mathrm{a}1(F_{\infty}/F_{m})}(\mathfrak{X}, h(i))=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}_{\mathrm{Z}_{p}}H_{k}^{1}(Spec(\mathbb{Z}([\mu_{p^{m+11/p]),\mathrm{Z}_{p}(i))}}$,
$=\mathrm{r}\bm{\mathrm{t}}\mathrm{k}\mathrm{z}_{\mathrm{P}}(K_{2:-1}(\mathbb{Z}[\mu_{\mathrm{p}^{m+1}}])\otimes \mathrm{z}\mathbb{Z}_{p})=p^{m}(p-1)/2$ , , $\text{ }\mathrm{z}_{p}X^{\nu^{:-j}}‘/g_{i}^{(m)}X^{\nu^{i-;}}\simeq$
$\Lambda/(g_{1}^{(m)}.)e_{\omega^{i-j}}$ . Lemma 10 .
$(m,i)$ Conjecture 5 Conjecture 1 . ,
.
Conjecture $1\Leftrightarrow$ $\text{ }j\text{ },$ $X^{\omega^{\dot{f}}}=0$
$\Leftrightarrow$ $i\not\equiv i$ (mod 2) $j$ ,
$(K_{2i-2}(\mathbb{Z}[\mu_{\mathrm{p}^{m+1}}])\otimes_{\mathrm{Z}}h)^{\omega^{j}}=0$ .
, Conjecture 3 Lemma 9 (2) . ,
$\text{ }$ , reflection theorem ([20, \S 10.2] ), $j$
, $X^{4^{\beta}}$ A- . , $i\equiv j$ (mod 2)
$i\not\equiv j$ (mod $p-1$) $j$ , ($i\equiv j$ (mod $p-1$)







3, Definition 8 $X_{i_{\dot{\theta}}}^{(m)}$ . $j$
(Mazur-Wiles [12]) $X_{i,j}^{(m)}$
, . $j$ Nguyen Quang Do
. , .
. $F=\mathbb{Q}(\mu_{p})$ .
Definition 11 $i,$ $j,$ $m\geq 0$ , $\mathbb{Z}_{p}[[\mathrm{G}\mathrm{a}1(F_{\infty}/\mathbb{Q})]]- \text{ }V$ , $\kappa_{m^{-}}^{i}$
component .
$V^{\kappa_{m}^{i}}=\{v\in V|\gamma^{p^{m}}v=\kappa^{i}(\gamma^{\mathrm{p}^{m}})v\}$
$E_{m}$ $F_{m}$ , $E_{m}^{(1)}$ $E_{m}^{(1)}=\{\epsilon\in E_{m}|\epsilon\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} (1-\zeta_{p^{n+1}}))\}$
. , $\mathbb{Q}_{p}(\mu_{p^{m+1}})$ $u$ $u\equiv 1$ (mod $1-\zeta_{p^{m+1}}$ )
.
Definition 12 $C_{m}$ .
$C_{m}=\langle\{\pm\zeta_{p^{m+1}},1-\zeta_{\mathrm{p}^{r\iota+1}}^{\mathrm{u}},|1\leq a\leq p^{m+1}-1\}\rangle\cap E_{m}$.
$\ovalbox{\tt\small REJECT}$ Stickelberger $\theta_{m}$ Stickelberger $I_{m}$ .
$\theta_{m}=\frac{1}{p^{m+1}}(\iota,\mathrm{p})\simeq 1\sum_{a=0}^{p^{m+1}}a\sigma_{a}^{-1}\in \mathbb{Q}_{p}[\mathrm{G}\mathrm{a}1(F_{m}/\mathbb{Q})]$
$I_{m}=h[\mathrm{G}\mathrm{a}1(F_{m}/\mathbb{Q})]\cap\theta_{m}\mathrm{Z}_{\mathrm{p}}[\mathrm{G}\mathrm{a}1(F_{m}/\mathbb{Q})]$
Deflnition 1S $m_{0},$ $m(m_{0}\leq m),$ $i$ . $\mathcal{G}_{m,*}^{(m\mathrm{o})}$.
.
$\mathcal{G}_{m,l}^{(m_{0})}=\langle\{\tau_{\lambda}=\sum_{a=1}^{\ell-1}\chi_{\lambda}(a)\zeta_{\ell}^{a}|\lambda$ : $pr\dot{\tau}me$ ided of $F_{m}$ which dinides a prime numbe$\mathrm{r}$ $\ell$
satisfying $\ell\equiv 1$ (mod $p^{m+1}$ ) and $\tau_{\lambda^{i}}^{g^{(m_{\mathrm{O}})}}\in I_{\overline{m}}(F_{m}(\mu\ell)^{\mathrm{x}}\otimes \mathrm{Z}_{p})\}\rangle_{\ }$
, $\chi_{\lambda}$ : $(\mathbb{Z}/\ell \mathbb{Z})^{\mathrm{x}}arrow\mu_{\mathrm{p}^{m+1}}$ , $\chi_{\lambda}(a)\equiv a^{-(\ell-1)/p^{m+1}}(\mathrm{m}\mathrm{o}\mathrm{d} \lambda)$




$C_{m}\cap E_{m}^{(1)}$ , $\overline{\mathcal{G}}_{m,1}^{(m\mathrm{o})}$. $\mathcal{G}_{m,i}^{(m\mathrm{o})}$ $(F_{m}^{\mathrm{x}}\otimes_{\mathrm{Z}}\mathbb{Z}_{\mathrm{p}})$ $\mathbb{Q}_{p}(h^{m+1})$
($\overline{\mathcal{G}}_{m,i}^{(m\mathrm{o})}\subset \mathcal{U}_{m}$ ).
$\text{ }j\text{ }X_{1\dot{o}}^{(m)}\text{ }$ , .
Theorem 14 (Mazur–Wilae [12], Iwaeawa [7]) $m_{0}\geq 0,$ $i\geq-2$ , $j$ $j\doteqdot 1$
(mod $p-1$) . $m_{0},$ $i,$ $j$ $C(m_{0},i,j)$ ,




, $”\sim_{p}$ ” $P$ – .
, (Mazur-wiles ) , Iwasawa /\tau m
. $j$ , Theorem 14
Theorem 1S $m_{0}\geq 0,$ $i\geq 2$ , $j$ . $m_{0},$ $i,$ $j$ $C(m_{0},i,j)$
, $m\geq C(m_{0},i,j)$ , .
$|X_{i_{\dot{\theta}}}^{(m_{0})}|=|(\mathcal{U}_{m}/\ovalbox{\tt\small REJECT}_{m,1}^{m_{0})}.+I_{m}\mathcal{U}_{m})^{\omega^{1-j}}||A_{m}^{\omega^{1-j}\kappa_{n_{0}}^{1}}|/|A_{m}^{(v^{1-j}}|$ .
Pfoof. $L_{m}/F_{m}$ pr\sim , $M_{m}/F_{m}$ $p$












$\downarrow g_{i}^{(m_{0})}$ $\downarrow g_{i}^{(m_{0})}$ $\downarrow g_{i}^{(m_{0})}$




$\star g_{1}^{(m_{0})}$. Z 5\rightarrow Zm\mbox{\boldmath $\omega$}1-5 . , $Z_{m}^{\omega^{1-\mathrm{j}}}\simeq\Lambda/(\omega_{m})$
$(\omega_{m}=\gamma^{p^{m}}-1)$ , $\omega_{m}$ $g_{1}^{(m_{0})}$. .




$\star$ Y Z -torsion Nguyen Quang Do [15, Theorem 1.1] : $\mathrm{t}\mathrm{o}\mathrm{r}\mathrm{z}_{\mathrm{p}}(\mathrm{Y}_{m})\simeq$
$\mathrm{H}\mathrm{o}\mathrm{m}\mathrm{z}_{p}(X,\mathbb{Q}_{\mathrm{p}}/\text{ }(1))^{\Gamma^{\mathrm{p}^{m}}}$ , $\mathrm{Y}_{m}^{\omega^{1-\mathrm{j}}\kappa_{m_{0}}^{i}}\simeq \mathrm{H}\mathrm{o}\mathrm{m}\mathrm{z}_{\mathrm{p}}$ ( $X_{1,j}^{(m_{0})}$ , Qp/ (l))
$m$ .
, , .
$Oarrow \mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{Z}_{\mathrm{p}}}(X_{\tilde{\iota},j}^{(m_{0})}, \mathbb{Q}_{p}/\mathbb{Z}_{p}(1))arrow A_{m}^{\omega^{1-j}\kappa_{m_{0}}^{1}}.arrow(\mathcal{U}_{m}/I_{m}\mathcal{U}_{m})^{\omega^{1-\dot{g}}}arrow(\mathcal{U}_{m}/\overline{\mathcal{G}}_{m,\dot{*}}^{(m\mathrm{o}\rangle}+I_{m}\mathcal{U}_{m})^{\omega^{1-\mathit{3}}}arrow 0$
192
, $|(\mathcal{U}_{m}/I_{m}\mathcal{U}_{m})^{\omega^{1-j}}|=|A_{m}^{\omega^{1-j}}|$ . ,
.
$\text{ }\tau\not\in|\ovalbox{\tt\small REJECT} \text{ }\mathrm{E}\text{ }f’arrow\mathrm{A}\mathrm{a}^{-\Re n\text{ }\mathrm{a}\mathrm{e}C(m_{0},i,j)\not\in_{-\ovalbox{\tt\small REJECT} \text{ }1\mathrm{h}}^{}}\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}14,15\mathcal{O}$
)
$\text{ }\mathrm{a}\mathrm{e}\}^{}.\text{ }_{arrow}’,$ $\mathrm{H}\mathrm{a}\mathrm{c}\mathrm{h}\mathrm{i}\mathrm{m}\mathrm{o}\mathrm{r}\mathrm{i},\mathrm{I}\mathrm{c}\mathrm{h}\mathrm{i}\mathrm{m}\mathrm{u}\mathrm{r}\mathrm{a}\Phi\hslash|_{\mathrm{c}}^{}’ \text{ }X_{0,j}(j’|\mathrm{h}\mathrm{f}_{0)}^{1]\prime}\text{ }\xi \mathrm{f}\mathrm{R}\text{ })|^{}.\mathrm{f}\mathrm{f}9^{-}\mathrm{a}\ lm\mathrm{X}\text{ }\not\in\backslash \mathfrak{h}|_{\mathrm{c}}^{}\Re 0\text{ }$
$<([6])$ .
4 II
, Thorem14, 15 , , $L=\mathbb{Q}$
$\mathbb{Q}(\mu_{p^{m}}+\iota)$ , $H_{pt}^{2}(Spec(O_{L}[1/p]), \mathbb{Z}_{p}(i))$
. Conjecture3 K
. Lemma 9 Theorem14, 15
.
Corollary 16 ($=$ II) (1) $m0\geq 0,$ $i\geq 2$ , $i$ $i\not\equiv \mathrm{O}(\mathrm{m}\mathrm{o}\mathrm{d} p-1)$
. $i$ $C(i)$ , $m\geq C(i)$ , .
$|H_{\text{\’{e}} t}^{2}(Spec$($\mathbb{Z}[1/p|$ , (i))| $=\{$
$|(\mathcal{U}_{m}/\overline{C}_{m})^{\omega^{:}\kappa_{0}^{1}}|$ if $i$ is even,
$|(u_{n}/ \overline{\mathcal{G}}_{m}^{(0)},:+I_{m}\mathcal{U}_{m})^{\omega^{1}}|\frac{|A_{m}^{\omega^{i}\kappa_{\dot{0}}}|}{|A_{m}^{\omega^{l}}|}$ if $i$ is odd
(2) $m_{0}\geq 0,$ $i\geq 2,$ $j$ i-j\not\equiv 0(modp-1) . $m_{0},$ $i,$ $j$




if $i\equiv j(\mathrm{m}\mathrm{o}\mathrm{d} 2)$ ,
$|( \mathcal{U}_{m}/\overline{\mathcal{G}}_{m,1}^{(m_{0}):-\mathrm{j}}.+I_{m}\mathcal{U}_{m})^{\omega}|\frac{|A_{m}^{\omega^{:-j}\kappa_{\dot{m}_{0}}}|}{|A_{m}^{\omega^{i-j}}|}$
.
if $i\not\equiv j$ (mod 2).
$p$ $L$
$0$ ,
$p$ $L$ Bernoulli .
Corollary 17 (1) $m_{0}\geq 0,$ $i\geq 2$ , $i$ $i\not\equiv \mathrm{O},$ $1$ (mod $p-1$) .
$L_{\mathrm{p}}(i,\omega^{1-:})\neq 0$ . $i$ $C(i)$ , $m\geq C(i)$ ,
.
$|H_{\text{\’{e}} t}^{2}(Spec(\mathbb{Z}[1/p]),\mathbb{Z}_{\mathrm{p}}(i))|\sim_{\mathrm{P}}\{$
$L_{p}(1-i,\omega^{i})\sim_{p}B_{i}/i$ if $i$ is eve,$n$,
$|( \mathcal{U}_{m}/\overline{\mathcal{G}}_{m,i}^{(0)}+I_{m}\mathcal{U}_{m})^{\omega^{i}}|\frac{L_{p}(i,\omega^{1-:})}{\prod_{\psi\epsilon \mathrm{r}_{m}}\wedge B_{1,\omega^{-:}\psi}}$ if $i$ is $od4$
(2) $m_{0}\geq 0,$ $i\geq 2,$ $j$ $i-j\not\equiv 0,1$ (mod $p-1$) . $\psi\in\hat{\Gamma}_{m_{0}}$
, $L_{p}(i,\omega^{j-b+1}\psi)\neq 0$ . $m0,$ $i,$ $i$ $C(m0,i,j)$ ,
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$m\geq C(m_{0}, i,j)$ , .
$|H_{\text{\’{e}} t}^{2}((\overline{S}\text{ }pec(\mathbb{Z}[\mu_{p^{m_{0}}}+1,1/p]),h(i))^{\omega^{\dot{f}}}|\sim_{\mathrm{p}}\{$
$\psi\epsilon\Gamma_{m_{0}}\prod_{\wedge}L_{\mathrm{P}}(1-i,\omega^{i-j}\psi)\sim_{\mathrm{P}}\prod_{\psi\in\hat{\Gamma}_{m_{0}}}(B:,\mathrm{t}v^{-j}\psi/i)$
if $i\equiv j(\mathrm{m}\mathrm{o}\mathrm{d} 2)$ ,
$|( \mathcal{U}_{m}/\overline{\mathcal{G}}_{m,1}^{(m\mathrm{o}\rangle}.+I_{m}\mathcal{U}_{m})^{J^{i-\dot{f}}}"|\frac{\prod_{\psi\epsilon\hat{\Gamma}_{m_{\mathit{0}}}}L_{\mathrm{p}}(i,\omega^{1-i+j}\psi)}{\prod_{\psi\epsilon\hat{\Gamma}_{m}}B_{1\mu^{j-i}\psi}}$
if $i\not\equiv j$ (mod 2).
, Corollary 16, 17 Conjecture 5 Conjecture 2 $(\mathrm{C}_{m,1}$-: $)$
Conjecture 3 , .
( $m,i\rangle$ Conjecture 5
$\Leftrightarrow$ $i\not\equiv i$ (mod 2) $j$ ,
$|( \mathcal{U}_{m}/\mathcal{G}_{m,i}^{m_{0})}+I_{m}\mathcal{U}_{m})^{\omega^{i-\mathrm{j}}}\dashv|\frac{|A_{m}^{\omega^{l’-J_{\hslash_{\dot{m}_{0}}}}}|}{|A_{m}^{\omega^{l-\mathrm{j}}}|}\sim_{p}1$ .
$\Leftrightarrow$ $i\not\equiv j$ (mod 2) $j$ ,
$|(u_{n}/ \overline{\mathcal{G}}_{m,*}^{(m_{0}\rangle}.+I_{m}\mathcal{U}_{m})^{\omega^{1-\mathit{3}}}|\frac{\prod_{\psi\epsilon\hat{\mathrm{r}}_{m_{0}}}L_{\mathrm{p}}(i,\omega^{1-i+j}\psi)}{\prod_{\psi\in\Gamma_{m}}\wedge B_{1,\omega^{j-*}\psi}}.\sim_{\mathrm{P}}1$.
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